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STABLE BASE LOCI, MOVABLE CURVES, AND SMALL
MODIFICATIONS, FOR TORIC VARIETIES
SAM PAYNE
Abstract. We show that the dual of the cone of divisors on a complete Q-
factorial toric variety X whose stable base loci have dimension less than k is
generated by curves on small modifications of X that move in families sweeping
out the birational transforms of k-dimensional subvarieties of X. We give an
example showing that it does not suffice to consider curves on X itself.
1. Introduction
Let X be a smooth n-dimensional complex projective variety. Boucksom, De-
mailly, Paun, and Peternell have recently shown that the dual of the cone of numer-
ical classes of effective divisors on X is the closure of the cone of numerical classes
of movable curves [BDPP, Theorem 0.2]; see also [PAG, 11.4.C]. Their theorem is
analogous to a theorem of Kleiman that says that the dual of the cone of numerical
classes of ample divisors is the closure of the cone of numerical classes of effective
curves [PAG, 1.4.23]. Debarre and Lazarsfeld asked whether these results might
generalize in the following way: for 1 < k < n, is the dual of the cone of numerical
classes of divisors on X whose stable base locus has dimension less than k generated
by the numerical class of a natural collection of curves, such as curves moving in a
family that sweeps out a subvariety of dimension k? This paper gives an affirmative
answer to their question in the toric case, with a slight twist—the curves that one
must consider include not only curves on X , but also curves on small modifications
of X .
Recall that a small modification f : X 99K X† is a birational map that is an
isomorphism in codimension 1. If V is a subvariety of X , we say that f maps V
birationally to f(V ) if f is defined on an open set meeting V and maps a dense
open subset of V isomorphically onto a dense open subset of f(V ). If D =
∑
diDi
is a divisor on X , then we write f(D) for the divisor
∑
dif(Di) on X
†.
Theorem 1. Let X be a complete Q-factorial toric variety with dense torus T , and
let D be a divisor on X. The following are equivalent:
(1) The stable base locus B(D) has dimension less than k.
(2) For every T -invariant subvariety V ⊂ X of dimension k, and for every
small modification f : X 99K X† that maps V birationally to f(V ), with X†
projective and Q-factorial, and for every irreducible curve C on X† moving
in a family sweeping out f(V ), (f(D) · C) ≥ 0.
Recall that the stable base locus B(D) of a Q-divisor D is the set-theoretic
intersection of the base loci of the complete linear systems |mD| for all positive
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integers m such that mD is integral. Let N1(X)Q be the space of Q-divisors on X ,
modulo numerical equivalence. Since the stable base locus of the sum of two divisors
is contained in the union of their stable base loci, the set of classes in N1(X)Q that
are represented by divisors whose stable base locus has codimension greater than k
is a convex cone (for a general numerical class, the stable base locus is independent
of the choice of representative [PAG, 2.1 and 10.3]). We write Ampk(X) for the
closure of this cone in N1(X)R := N
1(X)Q ⊗ R. This notation is suggestive of the
fact that Ampk(X) is also the closure of the cone of numerical classes of divisors
that are ample in codimension k, that is, the cone of numerical classes of divisors
D such that there is an open set U , with O(D)|U ample, whose complement has
codimension greater than k. The cone Eff1(X) of pseudo-effective divisors, the
closure of the cone of numerical clases of effective divisors, is filtered by the cones
Ampk(X):
Eff1(X) = Amp0(X) ⊃ · · · ⊃ Ampn−1(X) = Amp(X).
We have an analogous filtration of the cone Eff1(X)R of pseudo-effective curves,
as follows. Let N1(X)R be the space of 1-cycles in X with coefficients in R, mod-
ulo numerical equivalence. The intersection pairing on X induces a natural iso-
morphism N1(X)R ∼= N
1(X)∨R . Let Movk(X) be the the convex cone in N1(X)R
generated by classes of irreducible curves moving in a family that sweeps out a
k-dimensional subvariety of X . So
Mov(X) = Movn(X) ⊂ · · · ⊂Mov1(X) = Eff1(X).
If a curve C moves in a family that sweeps out a k-dimensional subvariety, and
if B(D) has dimension smaller than k, then C can be moved off of the support of
some effective divisor linearly equivalent to a multiple of D, and hence (D · C) is
nonnegative. So there are natural inclusions
Movk(X) ⊂ Amp
n−k(X)∨ and Ampn−k(X) ⊂Movk(X)
∨.
Kleiman’s theorem says that equality holds for k = 1, and the theorem of Boucksom,
Demailly, Paun, and Peternell says that equality holds for k = n. As Lazarsfeld
points out, one does not expect equality for 1 < k < n; in light of the equality for
k = n, equality for general k would say, roughly speaking, that the restriction of a
big divisor to its stable base locus is not pseudo-effective, which seems too strong
(a classical theorem of Fujita says that the restriction of a divisor to its stable base
locus is not ample [Fuj, Theorem 1.19]).
Another heuristic reason to believe that equality should not hold for general
k comes from the consideration of small modifications f : X 99K X†, with X†
complete and Q-factorial. Numerical equivalence on X and on X† coincide (this
follows, for instance, from Kleiman’s characterization of numerically trivial line
bundles [SGA6, XIII, Theorem 4.6]). So the map D 7→ f(D) induces an isomor-
phism N1(X)R ∼= N
1(X†)R. The global sections of D and of f(D) are canonically
identified, so if V is contained in B(D), and if f maps V birationally to f(V ), then
f(V ) is in the stable base locus of f(D). In particular, Amp1(X) is identified with
Amp1(X†). But there is no natural way to identify Movn−1(X) and Movn−1(X
†)
compatibly with the intersection pairing.
We now introduce additional cones of numerical classes of 1-cycles which take
into account k-movable curves on small modifications of X . Let f : X 99K X† be a
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small modification, with X† complete and Q-factorial. We define
Movk(X,X
†) ⊂ N1(X)R
to be the image of the convex cone generated by numerical classes of irreducible
curves C on X† moving in a family that sweeps out the birational image of a
k-dimensional subvariety of X under the identifications
N1(X
†)R = N
1(X†)∨R
∼= N1(X)∨R = N1(X)R.
There is an obvious inclusion
Movk(X,X
†) ⊂ Ampn−k(X)∨.
With this notation, Theorem 1 can be restated as follows.
Theorem 2. Let X be a complete n-dimensional Q-factorial toric variety. Then
Ampn−k(X)∨ =
∑
f :X99KX†
Movk(X,X
†),
where the sum is over all small modifications f : X 99K X† such that X† is projective
and Q-factorial.
It seems unclear whether a statement like Theorem 2 should be true in general,
because it is not clear whether a general variety X will have enough Q-factorial
projective small modifications. By [HK, Lemma 1.6], this depends essentially on
whether X has enough divisors D whose section ring
R(X,D) =
⊕
m≥0
H0(X,O(mD))
is finitely generated.
Problem. Let X be a projective n-dimensional Q-factorial complex variety. Is the
inclusion ∑
f :X99KX†
Movk(X,X
†) ⊂ Ampn−k(X)∨
an equality?
The following example illustrates the necessity of considering curves on small
modifications; we give an example of a threefold X such that Mov2(X) is properly
contained in Amp1(X)∨.
Example 1. Let Y be the projectivized vector bundle
Y = P(O(3)⊕OP2)
π
−→ P2,
and let s be the section of π whose image is P(O(3)). Let p1, p2, and p3 be nonco-
linear points in P2, and let X be the blow up of Y at s(p1), s(p2), and s(p3). Let
Ei be the exceptional divisor over s(pi). We make the following claims, which will
be justified in the next section using toric methods.
(1) The divisors E1, E2, and E3, together with D
+, the strict transform of
P(O(3)), and D−, the strict transform of P(OP2), give a basis for N
1(X)R.
(2) The class c ∈ N1(X)R defined by (Ei ·c) = 1, (D
+ ·c) = 0, and (D− ·c) = −3,
generates an extremal ray of Amp1(X)∨.
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Assume these claims are true. Choose in N1(X)R an open cone U containing
c sufficiently small so that any class in U pairs negatively with D− and positively
with the Ei. Any effective representative of a class in U must have a component
that lies in D−, and D− is disjoint from the Ei, so U does not contain the class
of any irreducible curve on X . By perturbing a supporting hyperplane cutting
out the extremal ray spanned by c, we can find a closed half space H containing
Amp1(X)∨ r (Amp1(X)∨ ∩ U) but not containing c. Since Mov2(X) is generated
by classes in Amp1(X)∨ r (Amp1(X)∨ ∩U), Mov2(X) is contained in H and does
not contain c.
However, consider the small modification
f : X 99K X†
given by flopping the three curves π−1(pi). The variety X
† can be realized as a
projectivized vector bundle over the blow up of P2 at p1, p2, and p3,
X† = P(L⊕OBℓ3P2)
π†
−→ Bℓ3P
2,
where L is the line bundle given by the strict transform of a smooth cubic passing
through the pi. Let s
† be the section of π† whose image is P(OBℓ3P2). Then c is
represented on X† by s†(C), where C is the strict transform of a smooth conic in
P2 passing through the pi, and s
†(C) moves in a family that sweeps out the surface
P(OBℓ3P2) in X
†.
2. Toric preliminaries
For the remainder of this paper, we fix a complete simplicial fan ∆ in an n-
dimensional latticed vector space NR = N⊗ZR. Let X = X(∆) be the correspond-
ing toric variety over some fixed algebraically closed field, and let T be the dense
torus in X . Let ρ1, . . . , ρr be the rays (or 1-dimensional cones) of ∆. Let vi ∈ N
be the primitive generator of ρi, and let Di be the corresponding prime T -invariant
divisor on X . See [Ful] for details on the correspondence between fans and toric
varieties.
Since ∆ is complete and simplicial, X(∆) is Q-factorial, and numerical and
rational equivalence coincide on X . We have a short exact sequence
0→ N1(X)R → R
r → NR → 0,
where the map from Rr takes (a1, . . . , ar) to a1v1+ · · ·+arvr. The dual short exact
sequence is
0← N1(X)R ← R
r ←MR ← 0,
where M is the character lattice of T , and the map from Rr takes (d1, . . . , dr) to
the numerical class of the divisor d1D1 + · · ·+ drDr.
If D = d1D1 + · · ·+ drDr, then the polytope PD ⊂MR is defined by
PD = {u ∈MQ : 〈u, vi〉 ≥ −di for all 1 ≤ i ≤ r}.
IfD is integral, the characters χu, for all u ∈ PD∩M , form a basis forH
0(X,O(D)).
The vanishing locus of χu ∈ H0(X,O(D)) is supported exactly on the union of the
divisors Di such that 〈u, vi〉 > −di. It follows that the base locus, and hence the
stable base locus, of any divisor on X is T -invariant. See [HKP] for more details.
If V (τ) is the T -invariant subvariety corresponding to a cone τ ∈ ∆, then V (τ) is
not contained in the stable base locus of D if and only if the class of D in N1(X)R
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is in the cone Γτ spanned by the classes of T -invariant divisors not containing V (τ).
In other words,
Γτ = 〈Dj : ρj 6∈ τ〉.
Since base loci are T -invariant, and the codimension of V (τ) is the dimension of τ ,
Ampk(X) =
⋂
dim τ=k
Γτ .
Since each Γτ is a rational polyhedral cone, it follows that Amp
k(X) is also a
rational polyhedral cone. Furthermore, the dual of Ampk(X) is given by
Ampk(X)∨ =
∑
dim τ=k
Γ∨τ .
From the description of Γτ and the exact sequences above, we have
Γ∨τ = {(a1, . . . , ar) ∈ R
r : a1v1 + · · ·+ arvr = 0 and ai ≥ 0 for vi 6∈ τ}.
The cones {Γτ}, for maximal cones τ , appear prominently in the “bunches of cones”
in [BH].
We now prove the claims made in Example 1.
Example 2. Suppose N = Z3, r = 8, and
v1 = (1, 1,−1), v2 = (−1, 0,−1), v3 = (0,−1,−1), v4 = (1, 0,−1),
v5 = (0, 1,−1), v6 = (−1,−1,−1), v7 = (0, 0,−1), v8 = (0, 0, 1),
with ∆ being the fan whose maximal cones are
〈v1, v4, v8〉, 〈v1, v5, v8〉, 〈v2, v5, v8〉, 〈v2, v6, v8〉,
〈v3, v6, v8〉, 〈v3, v4, v8〉, 〈v1, v4, v5〉, 〈v2, v5, v6〉,
〈v3, v4, v6〉, 〈v4, v5, v7〉, 〈v5, v6, v7〉, 〈v4, v6, v7〉.
Then X = X(∆) is the variety considered in Example 1, Di = Ei for i = 1, 2, and
3, D7 = D
− is the strict transform of P(OP2), and D8 = D
+ is the strict transform
of P(O(3)). See [Oda, pp.58–59] for the construction of the fan corresponding
to a projectivized split vector bundle on a toric variety. The following diagram
illustrates the fan ∆† corresponding to X†, as well as the fan ∆; the intersection of
each fan with the hyperplane {(x, y, z) ∈ R3 : z = −1} is shown. See [Rei] for the
changes in the fan corresponding to a flop.
v5
v1
v4
v3
v6
v2
v7
v5
v1
v4
v3
v6
v2
v7
∆† ∩ (z = −1) ∆ ∩ (z = −1)
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We claimed that the classes of D1, D2, D3, D7, and D8 give a basis for N
1(X)R.
This now follows immediately from the short exact sequence
0→MR → R
8 → N1(X)R → 0,
and the fact that {v4, v5, v6} is a basis for NR = M
∨
R . It remains to show that the
class c ∈ N1(X)R given by (D1 · c) = (D2 · c) = (D3 · c) = 1, (D7 · c) = −3, and
(D8 · c) = 0 spans an extremal in Amp
1(X)∨. Recall that
Amp1(X)∨ =
8∑
i=1
Γ∨ρi .
For i 6= 7, D7 is in Γρi , and hence c is not in Γ
∨
ρi
. Therefore, it suffices to show
that c spans an extremal ray in Γ∨ρ7 , which is clear: c spans the inward normal to
the face of Γρ7 spanned by the classes of D4, D5, D6, and D8.
3. Constructing curves on toric varieties
By the exact sequence
0→ N1(X)R → R
r → NR → 0,
a numerical class c ∈ N1(X)R is represented uniquely by an r-tuple of real numbers
(a1, . . . , ar), such that (Di · c) = ai, and these numbers satisfy the relation
a1v1 + · · ·+ arvr = 0.
Conversely, any such r-tuple (ai) corresponds to some numerical class in N1(X)R.
Given a cone τ ∈ ∆, we say that a ray ρi is adjacent to τ if there is a cone σ ∈ ∆
containing both τ and ρi.
Proposition 1. Let C be an irreducible curve in X, with (Di ·C) = ai. Then there
is a cone τ ∈ ∆ such that
(1) C moves in a family sweeping out V (τ),
(2) ai = 0 unless ρi is adjacent to τ ,
(3) ai ≥ 0 unless ρi is in τ .
Proof. Let τ be the unique cone such that the orbit Oτ contains an open dense
subset of C. The action of T moves C in a family sweeping out V (τ). Furthermore,
if ρi is not adjacent to τ , then Di is disjoint from V (τ), so Di · C = 0. Similarly,
if ρi is not in τ , then Di does not contain Oτ , and hence does not contain C, so
(Di · C) ≥ 0. 
Proposition 1 restricts the numerical classes of 1-cycles that can be represented
by a positive scalar multiple of an irreducible curve. We now show, by explic-
itly constructing curves with given numerical properties, that these are the only
nontrivial restrictions.
Proposition 2. Let τ be a cone in ∆, and let a1, . . . , ar be integers such that
(1) a1v1 + · · ·+ arvr = 0,
(2) ai = 0 unless ρi is adjacent to τ ,
(3) ai ≥ 0 unless ρi is in τ .
Then there is an irreducible curve C that moves in a family sweeping out V (τ) such
that (Di · C) = ai for all 1 ≤ i ≤ r.
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Proof. We first consider the case τ = 0. So we are given nonnegative integers
a1, . . . , ar such that a1v1 + · · ·+ arvr = 0, and must construct a curve C sweeping
out X such that (Di ·C) = ai for all 1 ≤ i ≤ r. Choose distinct elements λ1, . . . , λr
in the base field, let ϕi : Gm → T be the one-parameter subgroup corresponding to
vi, and consider the rational map φ : A
1
99K T given by
φ(z) =
r∏
i=1
ϕi(z − λi)
ai ,
where the product is given by the group law on T . SinceX is complete, φ extends to
a regular morphism P1 → X . It is straightforward to check, using local coordinates,
that if ai = 0 then φ(P
1) is disjoint from Di, and if ai is positive then
Di ∩ φ(P
1) = φ(λi).
Furthermore, in the latter case, φ(λi) is a point in the dense orbit Oρi ⊂ Di, along
which Di is locally principal, and the local intersection multiplicity is
(Di · φ(P
1))φ(λi) = ai.
The action of T moves φ(P1) in a family sweeping out X .
We now consider the case of a nonzero cone τ in ∆. Let Nτ be the quotient
lattice
Nτ = N/(N ∩ Span τ),
and let ∆τ be the fan in (Nτ )R whose cones are the projections of cones of ∆
containing τ , so V (τ) is the toric variety corresponding to ∆τ [Ful, 3.1]. The rays
of ∆τ are the projections of the rays of ∆ adjacent to τ , but not contained in τ ;
after renumbering, we may assume that these rays are ρ1, . . . , ρs. Let ρi be the
image of ρi under the projection π : NR → (Nτ )R, let wi be the primitive generator
of ρi in Nτ , let mi be the positive integer such that π(vi) = miwi, and let Di be
the divisor in V (τ) corresponding to ρi, for 1 ≤ i ≤ s. By hypothesis,
a1m1w1 + · · ·+ armrwr = 0
in Nτ . Hence there is a curve C sweeping out V (τ) such that (Di · C) = aimi for
1 ≤ i ≤ s. We claim that C is the required curve. Let ι : V (τ) →֒ X be the natural
inclusion, so (Di · C) = (ι
∗Di · C). By the basic properties of toric intersection
theory, as developed in [Ful, 5.1], ι∗Di = Di/mi, so
(Di · C) = (Di · C)/mi = ai,
for 1 ≤ i ≤ s. For i > s, if ρi is not adjacent to τ , then Di is disjoint from V (τ)
and hence Di ·C = 0. And if ρi is in τ , then (Di ·C) is uniquely determined by the
condition
∑
(Di · C)vi = 0. Therefore (Di · C) = ai, for all i, as required. 
4. Constructing small modifications of toric varieties
In order to prove the conjecture in the toric case, we need to know that we have
enough small modifications to work with. Although it would suffice to construct
enough small modifications torically, it is perhaps helpful to observe that every small
modification f : X 99K X†, with X† projective, is toric, in the sense that X† has the
structure of a toric variety with dense torus T such that f is T -equivariant. This
fact follows from [HK, Proposition 1.11]; it can also be seen directly by choosing a
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very ample divisor A† on X†. Then A† is the birational transform of some divisor
A on X , which is linearly equivalent to a T -invariant divisor A′. The natural map
f ′ : X 99K P(H0(X,O(A′)))
is T -equivariant, and agrees with the map toX†, embedded byA†, up to a projective
linear change of coordinates.
Roughly speaking, the following proposition says that, given a cone τ and a col-
lection of rays “close to τ” and “surrounding τ” in ∆, there is a complete simplicial
fan ∆† containing τ , whose rays are exactly the rays of ∆, such that each of the
rays in the given collection is adjacent to τ in ∆†. Such a fan corresponds to a
complete Q-factorial small modification of X .
Proposition 3. Let v1, . . . , vk span a cone τ in ∆. Assume there exists s > k + 1
such that
(1) {v1, . . . , vs−1} is linearly independent,
(2) there is a linear relation
a1v1 + · · ·+ akvk = ak+1vk+1 + · · ·+ asvs,
with ai > 0 for all i,
(3) vj is not contained in the convex cone 〈v1, . . . , vs〉, for j > s.
Then there is a complete simplicial fan ∆† containing τ , whose rays are exactly the
rays of ∆, such that ρi is adjacent to τ in ∆
† for k + 1 ≤ i ≤ s. Furthermore, ∆†
can be chosen such that X(∆†) is projective.
Proof. Choose large positive numbers p ≫ q ≫ 0, and small positive numbers
ǫs+1, . . . , ǫr. Let Q be the polytope in NR
Q = conv{pv1, . . . , pvk, qvk+1, . . . , qvs, ǫs+1vs+1, . . . , ǫrvr},
and let ∆Q be the fan whose nonzero cones are the cones over the faces of Q. It is
straightforward to check that
conv{pv1, . . . , pvk, qvk+1, . . . , q̂vi, . . . , qvs}
is a face of Q, and so 〈v1, . . . , v̂i, . . . , vs〉 is a cone in ∆Q, for k + 1 ≤ i ≤ s.
By construction, the rays of ∆Q are a subset of the rays of ∆, and, provided
that the ǫj are sufficiently general, ∆Q is simplicial. Let ∆
† be constructed by
successive star subdivisions of ∆Q with respect to the rays of ∆ that are not in
∆Q. So ∆
† is also simplicial, and since, by hypothesis, none of the rays that are
added lie in the cone spanned by {v1, . . . , vs}, the cones 〈v1, . . . , v̂i, . . . , vs〉 in ∆Q
remain unchanged in ∆†. In particular, τ is a cone in ∆†, and ρi is adjacent to τ
in ∆† for k + 1 ≤ i ≤ s.
It remains to check that X(∆†) is projective. Since Q is a convex polytope,
X(∆Q) is projective, and since ∆
† is constructed from ∆Q by a sequence of star
subdivisions, X(∆†) is constructed from X(∆Q), which is projective, by a sequence
of blow ups. So X(∆†) is also projective. 
5. Proof of Theorems 1 and 2
Proof. Let c ∈ N1(X)R be a numerical class spanning an extremal ray of Amp
ℓ(X)∨.
Since
Ampℓ(X)∨ =
∑
dimσ=ℓ
Γ∨σ ,
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c spans an extremal ray of Γ∨σ for some ℓ-dimensional cone σ ∈ ∆. We will show
that there is a face τ ≺ σ, a small modification f : X 99K X† that is birational on
V = V (τ), and an irreducible curve C sweeping out the birational transform f(V )
on X†, such that C represents the numerical class c.
Since c is in Γ∨σ , c is given by (Di · c) = ai, with ai ≥ 0 for vi 6∈ σ. After
renumbering, we may assume that
(Di · c)


< 0 for 1 ≤ i ≤ k.
> 0 for k + 1 ≤ i ≤ s.
= 0 for i > s.
Let τ be the face of σ spanned by {v1, . . . , vk}. Now we have
−a1v1 − · · · − akvk = ak+1vk+1 + · · ·+ asvs.
If k = 0 then, by Proposition 2, there is a curve C moving in a family that sweeps
out X such that (D · C) = ai for all i. So we may assume k ≥ 1. Since vj is not
in τ for j > k, we must also have s > k + 1. By Propositions 2 and 3, it will
therefore suffice to show that {v1, . . . , vs−1} is linearly independent, and that vj is
not contained in the convex cone 〈v1, . . . , vs〉 for j > s.
Suppose there is a linear relation b1v1 + · · · + bs−1vs−1 = 0. Then we have a
class b ∈ N1(X)R given by
(Di · b) =
{
bi for 1 ≤ i < s.
0 for i ≥ s.
For small ǫ, the classes c+ ǫb and c− ǫb lie in Γ∨σ , but not in the ray spanned by c,
and 2c can be written as
2c = (c− ǫb) + (c+ ǫb),
contradicting the assumption that c spans an extremal ray of Γ∨σ .
Similarly, if vj is in the cone spanned by {v1, . . . , vs} for some j > s, then we
have a linear relation vj = b1v1 + · · · + bsvs, with all of the bi ≥ 0. So there is a
class b ∈ N1(X)R given by
(Di · b) =


bi for 1 ≤ i ≤ s.
−1 for i = j.
0 for i > s and i 6= j.
Now b is contained in Γ∨j ⊂ Amp
1(X)∨, which is contained in Ampℓ(X)∨, since
ℓ ≥ k and we have assumed k ≥ 1. For small positive ǫ, c− ǫb is also contained in
Γ∨τ ⊂ Amp
ℓ(X)∨. Then c can be written as
c = (c− ǫb) + ǫb,
contradicting the assumption that c spans an extremal ray. 
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